THE AUTOCONJUGACY OF THE 3z +1 FUNCTION

KENNETH G. MONKS AND JONATHAN YAZINSKI

ABSTRACT. The 3z + 1 map T is defined on the 2-adic integers by T (z) = z/2 for even = and
T (z) = (3z + 1) /2 for odd z and the 3z + 1 conjecture states that the T-orbit of any positive
integer contains 1. We define and study properties of the unique nontrivial autoconjugacy §2
of T. This autoconjugacy sends x to the unique 2-adic integer whose parity vector is the one’s
complement of the parity vector of x. We prove that if 2 maps rational numbers to rational
numbers then there are no divergent T-orbits of positive integers. The map 2 is then used to
restate the 3z+1 conjecture in a parity neutral form. We derive a necessary and sufficient condition
for a cycle to be self conjugate and show that self conjugate cycles contain only positive elements.
It is then shown that the only self-conjugate cycle of integers is {1,2}. Finally, we prove that for

any rational 2-adic integer x, li_rn'ﬁ”ém) + H“n(‘z(w = 1 where kyp (z) is the number of ones in
the first n digits of the parity vector of x, and we use this along with generalizations of known
restrictions on hgm‘Tm to prove most of the results in the paper.

1. INTRODUCTION
Let X be a topological space, f,g: X — X, and x € X. The f-orbit of x is the infinite sequence

v, f(2), f2 (@), f* (x),...

where f¥ = fo f*!or all k > 1 and f? is the identity map. Define Oy (z) = {f* (z) : k € N} . The
f-orbit of x, z itself, and Oy (x) are all said to be eventually cyclic if Oy (x) is finite and divergent
otherwise. If f*(z) = z for some k > 1 then Oy (x) is called an f-cycle and in this case we say
x is cyclic. Maps f and g are conjugate with conjugacy h if and only if there exists a bijective
homeomorphism h : X — X such that goh = h o f. Conjugacy is an equivalence relation on the
set of maps from X to X. The set of autoconjugacies of f forms a group under composition called

Aut (f).
Let Zs denote the ring of 2-adic integers and define T': Zy — Zs by

z e
T(z) = 5 if x is even
3”24‘1 if  is odd.

In this terminology we have the famous
3z + 1 Conjecture: The T-orbit of any positive integer contains 1.

The shift map, o : Zo — Zs, is defined by

% if z is even
z=1 if 2 is odd.
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Lagarias [4] proved that T is conjugate to o with conjugacy the parity vector map* ®~! : Zy — Zs
defined by @' (z) = Y32, (T* () Mod 2) - 2% where

0 if ais even

a Mod 2 = o
1 ifaisodd

If # € Zy then ®~! () is called the parity vector of x. Bernstein [1] gives an explicit formula for
the inverse conjugacy ®, namely,

1
d d d d;
(1.1) @(20+21+22+m):—§ 12
whenever 0 < dg < d; < dy < --- is a finite or infinite sequence of natural numbers.

Hedlund [6] proved that Aut (o) = {id, V} with respect to the standard 2-adic metric topology
where id is the identity map and V (z) = —1 — z. If we define

[Q=doVoa]

it follows immediately that
Aut (T) = {id, Q}.
Thus € is the unique nontrivial autoconjugacy of the 3z +1 map. Hence Qo7 = T o and Q? = id.
The purpose of this paper is to describe some relationships between the map €2 and the 3z + 1
problem. In the next section we state our main results and illustrate their implications without
proof. In Section 3 we provide some background on the qualitative behavior of the T-orbits of
rational 2-adic integers. The proofs of theorems stated in Section 2 are then provided in Section 4.

2. MAIN RESULTS

Let x € Zy. It can be expressed uniquely as a 0, 1-valued infinite sequence xgxizoxs - -+ where
TR = (O‘k () Mod 2) so that & = Y72 2, - 2F. We refer to this sequence as the binary representation
of .

Let Qoqq be the set of rational numbers which have an odd denominator in reduced fraction form?.
The elements of Q,qq are ordered by the usual relation < on Q C R. It is well known that Q,qq
is isomorphic to the subring of Zs consisting of those 2-adic integers whose binary representation
is eventually periodic, i.e. those which are eventually cyclic for o. Since T and o are conjugate
and conjugacies map eventually cyclic points to eventually cyclic points, the parity vector of z is
rational if and only if x is eventually cyclic for T'. Furthermore, as eventually cyclic elements z
satisfy T* (x) = TY (x) for some k,j with k # j, they are the root of a linear polynomial with
rational coefficients and so must be rational. Thus @ (Qo44) € Qodd-

The binary representations of ®~! (z), o (x), and V (z), can be easily described as follows:
&~ (z) = yoy1y2y3 - - - where yp, = (T% (z) Mod2) for all k € N, ¢ (z) = z13223---, and V (z) =
xyriasal - - where 0 = 1 and 1* = 0. Thus the binary representation of ®~! (z) is obtained from
the T-orbit of z by replacing each term with its value Mod 2, the shift map removes the leading
binary digit of x, and V maps x to the 2-adic integer whose binary representation is the one’s
complement of the binary representation of z.

Consequently the autoconjugacy €2 can be thought of in this way: (2 maps a 2-adic integer = to
the unique 2-adic integer €2 (z) whose parity vector is the one’s complement of the parity vector of
z. In other words, all corresponding terms in the T-orbits of = and €2 (z) have opposite parity.

1The map ®~! is called Qoo in [4]
2Qoqq is called Q[(2)] in [5].
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Example 1. The T-orbit of —11/3 is
11—
73,75,77,710
(where the overbar denotes a periodic sequence) and the T-orbit of 8/5 is

Ot

(S )
o] =

Y Y Y

© ot 0o

Since the corresponding terms of these orbit
Q(-11/3) =8/5.

have opposite parity, by uniqueness we conclude that

Example 2. Suppose we wish to compute Q(3). Notice that the T-orbit of 3 is
37 5) 87 47 ﬁ
so that ®~1(3) = 110001 and its one’s complement is V o ®~1 (3) = 001110. By (1.1) we obtain

— 4
Q(3) = doVod! (3)=a (001110) =3

whose T -orbit is
4 2 11 T
9) 97 9) 3) )

It is well known that the 3z +1 Conjecture is equivalent to the conjunction of the two conjectures:

Divergent Orbits Conjecture: No positive integer has a divergent T-orbit.
Nontrivial Cycles Conjecture: The only T-cycle of positive integers is {1, 2}.
Bernstein and Lagarias [2] have shown that the Divergent Orbits Conjecture is implied by their

Periodicity Conjecture: ® ! (Q44) € Qoda-

Since @ (Qodd) C Qoad and V (Qoad) = Qodd, the Periodicity Conjecture implies that Q (Qpqa) =
DoV od ! (Quaa) € Qoaq- For this reason we are led to make the

Autoconjugacy Conjecture: Q (Qoiq) € Qoad-

Our first result is that the latter two conjectures are equivalent to a strong form of the Divergent
Orbits Conjecture.

Theorem 2.1. The following are equivalent.
(a) The Periodicity Conjecture.
(b) The Autoconjugacy Conjecture.
(¢) No rational 2-adic integer has a divergent T-orbit.
Furthermore, the statement Q (Z") C Qoqa s equivalent to the Divergent Orbits Conjecture.

Thus in particular, the Autoconjugacy Conjecture implies the Divergent Orbits Conjecture, i.e. if
Q2 (z) is rational for every rational 2-adic integer x then there are no divergent T-orbits of positive
integers.

It is also possible to restate the 3z + 1 Conjecture in terms of 2. Define ¢ : Zy — Zs by

_ 5 if x is even
¢@) { (x) if x is odd

for all x € Zs.
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Also define a relation ~ on Zy by
2~y (2 =y or o= Q(y))
for all x,y € Zo. It is easy to verify that ~ is an equivalence relation on Zo and that
Zy) ~={{z,Q(z)} : x € Zy and z is odd}

i.e. the equivalence classes are two element sets containing one odd 2-adic integer and one even 2-
adic integer that are Q2-conjugates of each other. For example, {—11/3,8/5} is one such equivalence
class (see Example 1). We write [z] as an abbreviation for {z,Q (z)}, i.e. [z] denotes the equivalence
class of z. For example, 2 (1) = 2 so that we have [1] = {1,2} = [2]. Since Q (T (z)) = T (2 (z)),
the map T induces a well defined map ¥ : Zy/ ~— Zy/ ~ by ¥ ([z]) = [T (2)] for all x € Zs.

We can restate the 3z + 1 Conjecture in terms of both £ and the induced map W.

Theorem 2.2. The following are equivalent.
(a) The T-orbit of any positive integer contains 1.
(b) The &-orbit of any positive integer contains 1.
(c) The U-orbit of the class of any positive integer contains [1].

Define Ty (z) = z/2 and Ty (z) = (3z 4+ 1) /2 so that

T(z) = To (z) if z is even
] Ti(z) ifzisodd.

In this notation Theorem 2.2 (b) says that we can replace T} by € in the definition of T, and an
equivalent conjecture is obtained.

Example 3. The T-orbit of 3 is
3,5,8,4,2,1
while the &-orbit of 3 is
3,-4/9,-2/9,-1/9,8,4,2,1
and the W-orbit of [3] is

CENERNERNIE

The map WV is a parity neutral version of the 3z + 1 map in the following sense. Let z €
Zs/ ~. Then z = {a,b} for some a,b € Zy with a even and b odd. Hence ¥ (z) = {Ty (a), T} (b)}.
Consequently each iteration of ¥ uses both branches of the 3x + 1 map simultaneously. Thus ¥
completely eliminates parity considerations but at the same time encodes the essential dynamics of
T in the sense of Theorem 2.2.

In light of Theorems 2.1 and 2.2 we would very much like to understand the properties of the map
Q. In particular it would be quite valuable to have an explicit formula for the binary representation
of © (z) in terms of the binary representation of x. Still, there are some properties of 2 which can
be obtained without an explicit formula.

Since a conjugacy preserves cycles, {2 maps any cycle to another cycle. We say that a T-cycle C'
is self conjugate if Q (C) = C. For example, {1, 2} is a self-conjugate T-cycle. We can determine all
self-conjugate T-cycles by describing their parity vectors.

Theorem 2.3. A T-cycle C is self conjugate if and only if C = Or (x) where

= (vovy - - VRVGVT -+ - V)

for some vy, v1, ..., v, € {0,1}.
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Example 4. To illustrate the theorem, start with any finite binary sequence, e.g. 11, and catenate
its one’s complement:
111*1* = 1100.

Extend this to a periodic sequence, 1100, and compute v = ( O) = 5/7 by (1.1). Then by
Theorem 2.3 the T-orbit of 5/7 is self conjugate. Indeed O (2) = {2, 14,20 10 and Q(5/7) =
20/7. Table 1 lists all self conjugate cycles having ten elements or less.

‘ Table 1: Self Conjugate T'-cycles with ten elements or less ‘

{1 2} 13 37 73 127 208 104 52 26

’ 357 35° 35> 35 35 3535’35

5 11 20 10 211 707 1451 2567 4241 6752 3376 1688 844 422
T 7T 781 781° 781 * 781 > 781 > 781 * 781 > 781 > 781’ 781
19 47 89 152 76 38 373 950 475 1103 2045 3458 1729 2084 1492 746
37737377 37 > 377 37 781 781° 781> 781 > 781 ’ 781 > 781 > 781 ’ 781 > 781
17 38 19 41 74 37 68 34 383 965 1838 910 1769 3044 1522 761 1532 766
25° 257257 257 25 253 257 25 7817 781° 781 > 781° 781 > 781 > 781 > 781> 781 > 781

One immediate consequence of Theorem 2.3 is that any self conjugate cycle must have an even
number of elements. Notice also that all of the cycles listed in Table 1 contain only positive elements.
This is not a coincidence as indicated by the following theorem. Let de 0= Qoaa N (0...00).

Theorem 2.4. If C' is a self conjugate T-cycle then C C (@jdd, i.e. any self conjugate T-cycle
contains only positive rational entries.

Given that {1,2} is a self conjugate cycle of positive integers, one might ask if an analogue of
the Nontrivial Cycles Conjecture holds for self conjugate cycles. We answer this question in the
affirmative with the following theorem.

Theorem 2.5. For any self conjugate T-cycle C
min (C') <1 < max (C).
Hence, the only self conjugate T-cycle of integers is {1,2}.

In other words, all self conjugate T-cycles must contain an element that is less than or equal to 1
and another that is greater than 1. Thus if one could show, for example, that any cycle of positive
integers must be self-conjugate, it would prove the Nontrivial Cycles Conjecture.

Example 5. For the five known integer T-cycles, the cycles {0} and {—1} are Q-conjugates of each
other, {1,2} is self conjugate, and we have

Q({-5,-7,-10}) = {3,

2 1
g,g},
and

Q({~17,-25, 37, =55, —82, —41, —61, —91, —136, —68, —341})
5296 2648 1324 662 331 1480 740 370 185 1261 2875

19677 19677 19677 1967° 1967 1967° 1967 1967’ 1967’ 1967’ 1967

The key idea behind the proofs of most of these results is that the sizes of the elements in the
T-orbit of a rational number are restricted by the limiting ratio of odd elements to all elements
in the finite initial subsequences of the orbit. More precisely, let € Quqq and n € NT. Define
Kn (z) = ZZ o (Tl( )Mod2), i.e. Ky (z) is the number of ones in the first n digits of the parity
vector of 2.3 Since the parity vector of Q (z) is the one’s complement of the parity vector of x, we
have the following obvious but useful relationship

(2.1) Kn () + Kn (Q(2)) = n.

3k (z) is called N* (n) in [4].
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Dividing this by n gives us

Kn;x) + Kn (?l (z))

=1

(2.2)

which says that the percentage of ones in the first n digits of the parity vectors of 2 and Q (z) must
sum to 1. Howe_ver, it is easy to see that if ag,aq,. .. is any sequence of rational numbers in [0...1]
then lim a,, + lim (1 —a,) =1, so we have

Theorem 2.6. Let x € Zo. Then

K () _‘_m’% (2 (2)) -1

n n

lim

However, we have restrictions on these percentages for the T-orbits of rational numbers. For the
remainder of the paper “orbits” refers to “T-orbits” and O (z) means Or ().

Eliahou [3, Thm 2.1] proved that if O (z) is a cycle, m = minO (z), M = maxO (x), and
p = |0 (z)| then

In2 < Fp (x) < In2 '
mB+L) " p»p ~“Im(3+4)

In [4, equation (2.31)] Lagarias states that }28; < h_m””T(x) for integers = whose orbit diverges to

+o00. We will show that this inequality also holds for any divergent x € Q,qq as well. The situation
can be summarized as follows.

Theorem 2.7. Let v € Quqq.

(2.3)

(a) If the orbit of x is eventually cyclic then lim K”y) exists and
n—oo
In2 In2
nl_imﬁn(x)g n1
WBrR) SR

where m, M are the least and greatest cyclic elements in O (x).
(b) If the orbit of x is divergent then
2 < i)
In3 n
Combining this theorem with Theorem 2.6 allows us to prove most of the results in this paper.
Thus a study of the properties of €2 reveals some essential features of the 3z 4+ 1 map and shows
that further investigation of this interesting underlying duality can lead to important conclusions
about the 3z + 1 problem itself.

3. Basic FACTS ABOUT RATIONAL ORBITS

In this section we derive some useful lemmas that describe the qualitative behavior of the T-orbits
of rational numbers. These facts will be required for the proofs in the next section.

We begin with the elementary fact that 7" maps positive rationals to themselves and cannot
introduce new factors into the denominator.

Lemma 3.1. Let h be an odd positive integer. Then

(a) T (+Z) C +Z.

(b)) T (Q:dd) C Qi

Proof: (a) Let h = 2j + 1 for some j € N. Let 2 € T'(+Z) . Then 2 = T (%) for some a € Z. If
a is even, then a = 2k for some k € Z and so

o (2) () kete
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If a is odd then a = 2k + 1 for some k € Z and so

z 2k+1) 4 B
;E:T(E):?’(h)Jrl:?’( )+ 6k+3+h

h 2 2 B 2h
_ 6k +3+25+1 :6k+2j+4: 3k+j+2 ElZ.
2h 2h h h
So in both cases, z € %Z. ThusT(,—llZ) C %Z.

(b{) Let x € T (Q/,,;) - Then = = T (y) for some y € Q/,,. So y > 0 and x = y/2 if y is even and
T = 3y—;rlif y is odd. Thus z > 0 and © € Quqq, SO = € ded. Hence T (Q:dd) C ded.

Thus for any z, if # € +7Z (respectively Q/,;) then O (z) € +Z (respectively Q/,,). Note that in
addition to having Q,qq C Zo we also have Q,q¢ C R. Using the previous Lemma it is easy to see
that the orbit of a rational number can only have finitely many distinct values in any bounded real
interval, [a...b] := {x € R:a < x < b}, i.e. we immediately have the following lemma.

Lemma 3.2. Let € Q44 and a,b € R. Then O (z) N[a...b] is finite.

Thus the T-orbit of a rational number cannot have any accumulation points in R. From this we
immediately obtain the following corollary.

Corollary 3.3. Let z € Quqq-
(a) O (z) is bounded if and only if the T-orbit of x is eventually cyclic.
(b) If O (x) has a lower bound then it has a minimum value.
(c) If O (x) has an upper bound then it has a mazimum value.

Lemma 3.1 also allows us to classify the T-orbits of rational numbers. We say the orbit of x
is strictly positive (respectively strictly nonnegative, strictly negative) if every element of O () is
positive (respectively nonnegative, negative). The following lemma shows that the orbit of every
rational number x is either strictly positive, strictly negative, or eventually strictly nonnegative.

Lemma 3.4. Let x € Quqq.
(a) If x > 0 then O (z) is strictly positive.
(b) If =1 <z <0 then O (x) is eventually strictly nonnegative.
(c) If O (x) is strictly negative then x < —1 and O (z) C (—oo...—1].

Proof: The proof of part (a) follows immediately from Lemma 3.1 (b). Part (c) follows imme-
diately from parts (a) and (b) as it is the only remaining possibility. That leaves us with the task
of proving part (b).

Let x € Qpqq and —1 < = < 0. If £ = 0 the statement is trivially true. Assume —1 < x < 0.
Notice that T'(0) = 0 and T'(—1) = —1 so that the binary representations of the parity vectors
of 0 and —1 are 0 and 1 respectively. Thus the T-orbit of every number other than 0 and —1
contains both odd and even terms, because the parity vector function ®~! is a conjugacy and hence
a bijection. We have three cases.

If x € (—i...O) then —% < 3 <0 and % < 3“—2"’1 Thus T maps even numbers in (—%...O)
to numbers in (—% e O) and 7" maps odd numbers in (—% e O) to a positive number. Since the
T-orbit of  must contain an odd number, it must also contain a positive number.

On the other hand, if z € (7%0) then *i < 5 and f% < 3“’—2*1 Thus T (z) € (f% oo)
and so the T-orbit of z has a nonnegative element by the previous case.

Finally, if z € (—1...00) then —1 < 3“—2"’1 and f% < 5. Thus T' maps odd numbers greater than
—1 to a number greater than —1 and 7" maps even numbers greater than —1 to a number greater
than —%. Since the T-orbit of £ must contain an even number, it must also contain a nonnegative

number by the previous case.



8 KENNETH G. MONKS AND JONATHAN YAZINSKI

Thus for any rational > —1 the T-orbit of x contains a nonnegative number. Since 0 is a fixed
point and positive numbers map to positive numbers by Lemma 3.1, O (z) is eventually strictly
nonnegative.

%

4. PROOFS OF THEOREMS IN SECTION 2

We now use the results of Section 3 to prove the results stated in Section 2. We first prove
Theorem 2.7 and Theorem 2.6 as they are required for some of the other proofs. After that we
prove Theorems 2.1, 2.2, 2.3, 2.4, and 2.5 in that order.

4.1. The Proof of Theorem 2.7. We break this proof down into a sequence of Lemmas. First
we prove the intuitively clear fact that the lim inf of the sequence formed by taking the ratio of odd
elements to all elements in the first n terms of the orbit of x will not change if x is replaced by any
T-iterate of x.

Lemma 4.1. Let x € Quqq. For any j € N,
=1

kin (T7 () i (:c)

lim

Proof: Let € Qugq and j € N. Define w = Y7 _, (T’“ (z) Mod 2) and define L, = h_”"rgx)
Hw,(Tj(m))

and Lo = lim —~ . Note that Ly, Ly € [0...1] as both sequences are bounded below by 0 and
above by 1. Then for n > j

b (2) 3020 (T* (x) Mod 2)
Sb (TF () Mod 2) + Y53~} (T* (2) Mod 2)
ST (TR () Mod 2)
n—7\ kn—j (T7 (x))
+ < / > ( .

n n—j

Notice £ — 0 and % — 1 as n — oo, so that applying lim to both sides of this equation proves
the result.

¢

The next Lemma proves an inequality similar to (2.3) for arbitrary positive rational 2-adic inte-
gers.

Lemma 4.2. Let x € Qpqq with O (x) strictly positive and let 0 < m < min O (z). Then

In2 < lim (z) -

mG+ L) STy

Proof: Let xg € Quqq with O (x¢) strictly positive. O (z) is bounded below by 0 so min O (xg)
exists by Corollary 3.3 (b). Let 0 < m < min (O (z)). Let v = ®~!(z0) be the parity vector of
xo. Let v = voviva ... be the binary representation of v where v; € {0,1}. Define maps wo, w

from R to itself by wo () = Ty (z) = £, and wy (z) = (ﬁ) x. Define w(0) = zo and w (k) =

27 2
Wy, , O+ 0 Wy, (Tg) for all k € NT.
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For any x € Quqq4, if m < x then

1
m xigl‘—l-l
2

(x —m)

m

wi (z) — Ty (z) = (32
1
2
0.

Y

Thus T3 () < w; (x). Since wy () = Tp (x) we have shown
(4.1) Vo € Qoda,m < x = Tp(x) =wp (x) and T} (z) < wy ().

We now show that w (k) > T* (x¢) for all k € N by induction on k. For the base case we note
that w (0) = 29 = T (x9) > T° (x0) . Let k € N and assume that w (k) > T* (). Then
w{k+ 1) = wy, (w(k))

> Wy, (T (:co)) because wy, is an increasing function

> Ty, (Tk (z0)) by (4.1) since T (z0) > m
= Tk+1 (:Co) .

So for all k € N, w (k) > T* (x0) .
Let n € Nt and define k = &, (20) . Then we have

m < T" (x0)

<w(n)

3+ LN\ /1\""
= + m — X0
2 2
B+3)"
Tmzo.
Taking logarithms of both sides of this inequality yields

In2 1 <k
=<z
In (3+ %) n-n
ln(w—o) 1
where w = noo. But ws — 0 as n — oo so that
In(3+L) n
In2 n
Ve 0,3N > 0,¥n > N, — B2 ___ < fn(20)
In (3+ E) n
In2 : kn(To)
Hence e < lim ==~
¢

Using a similar argument, we can prove an inequality similar to Theorem 2.7 (b) for arbitrary
strictly negative orbits.

Lemma 4.3. Let © € Qoqq with O () strictly negative. Then

m2 < g (@)
In3 n
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Proof: Let zg € Quqq with O () strictly negative. Let v = ®~1(zg) be the parity vector of .
Let v = vgu1vs ... be the binary representation of v where v; € {0,1}. Define maps ug, u; from R
to itself by ug = Tp, and u; (z) = 2z. Define u(0) = zo and u (k) = wy,_, © -+ 0 uy, (x0) for all
ke N*t.

For any € Quq4,

T (z) —uq (z) = — ;x

Thus uy () < Tj (z). Since ug (x) = Tp (x) we have shown
(4.2) Vo € Qodd, wo () =Tp (x) and uy (x) < Ty ().

We now show that u (k) < T* (z,) for all k € N by induction on k. For the base case we note
that u (0) = xg = T° (z9) < T° (z0) . Let k € N and assume that u (k) < T* (x(). Then

uk + 1) = uy, (u(k))

< Uy, (Tk (xo)) because u,,, is an increasing function
(

z0)) by (4.2)

So for all k € N, u (k) < T* (x0).

Let n € Nt and define = k,, (z9). Notice that —1 is an upper bound for O (z¢) by Lemma 3.4

(c), so we have
—1>T" (o)
>un

Il
7N
| W
S~

X
7N
N |
~

3

|

X

8
=)

= 2_71330
Multiplying this inequality by —1 (which reverses it) and then taking logarithms yields

In2 1 K
- <

—w
In3 n-n
Wherew—w Butw — 0 as n — oo so that
Kn (20)

n

In2
Ve >0,3N >0,¥n> N, = — ¢ <
In3

Hence 112 < Jipy fnlz0)
In3 === n ~°
Using these results we can now prove Theorem 2.7.
Proof of Theorem 2.7: Let x € Qoqq.
Assume z is eventually cyclic. Then 3 = TV (z) is cyclic for some j € N. Let m, M be the

smallest and largest cyclic elements in O (x) respectively. Eliahou’s inequality (2.3) tells us that

In2 < fp (8) < In2

m(B+2) " p T Im(B+)
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where p = |O (5)].
Let @' (3) = @o, .-, @p—1 and let n € NT. For all t € N, define a (t) = >/~ (l)az Let n =gp+r
where g, r are the quotient and remainder when n is divided by p (and thus 0 < r < p —1). Then

fa(B) _a) _alp+r) _gqa(p)+a(r) o)+
n n n qgp+r p+ g
But ¢ > oo asn — oo so lim ””éﬁ) = # = '{”(ﬁ) . Thus Theorem 2.7 (a) follows immediately by
noting that lim KT(I) = lim ”"Tim by Lemma 4.1.

For part (b) assume z has a divergent orbit.
Case 1: Assume O (x) is strictly positive. Let m € N*. By Lemma 3.2 only finitely many
elements of O (z) are between 0 and m. Thus there exists N > 0 such that Vj > N, m < T (z).

N o (TN ( ok (x
By Lemma 4.2, (13';2 0 < h_mw But lim (Tn () = lim "Tsl) by Lemma 4.1 and m was
arbitrary, so we have shown
In2
vm e Nt — 12 <y (2)
Thus,
In2 . ky(x)
4.3 <1
(4.3) I3 = im—

Case 2: Assume O (z) is neither strictly positive nor strictly negative (i.e. contains both positive
and negative elements). Then by Lemma 3.4, O (Tj (:c)) is strictly positive for some j. Since

lim ””(l) = lim o (77 () by Lemma 4.1 the theorem holds by Case 1.
Case 3: Assume (9( ) is strictly negative. Then the theorem holds by Lemma 4.3.
Thus in every case the theorem holds.

o

4.2. The Proof of Theorem 2.1. We are now ready to prove Theorem 2.1. As stated in Section
2, we will also prove that the statement Q(Z*) C Qo4 is equivalent to the Divergent Orbits
Conjecture.

Proof: ((a)=(b)) The proof that (a) implies (b) was given in Section 2.

((b)=(c)) Assume the Autoconjugacy Conjecture is true so that Q(Qodd) C Qoad- Let £ € Qopaa
and assume z has a divergent orbit. Then () € Quqq by the assumption. Since € is a conjugacy
and conjugacies map divergent orbits to divergent orbits, the orbit of Q () is also divergent. Hence
by Theorem 2.7, lim—— K”(x) > 1“,2 and lirnM > 1“2 . But by Theorem 2.6

), (@ 0)
n n
n n
S In2 . In2
“In3 In3
> 1

which is a contradiction. Therefore the Autoconjugacy Conjecture implies there are no divergent
orbits of rational 2-adics. Thus (b) implies (c).

Note that the same proof shows that Q (Z1) C Quqq implies the Divergent Orbits Conjecture if
we take x € ZT instead of € Quqq.
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On the other hand, assume the Divergent Orbits Conjecture holds. Let y € Z*. By our as-
sumption the orbit of y is eventually cyclic, so that ®~! (y) has eventually periodic digits in its
binary representation and hence is rational. But both V' and ® map rational numbers to rational
numbers so that Q (y) = ®V®~1 (y) is rational as well. Since y was arbitrary, Q (Z7) C Qugq. Thus
the Divergent Orbits Conjecture implies that € (Z") C Quqq. So the statement Q (Z") C Qoqq is
equivalent to the Divergent Orbits Conjecture.

((c)=-(a)) The fact that (c) implies (a) is essentially stated by Bernstein and Lagarias in [2]. To
see this, assume no rational 2-adic integer has a divergent T-orbit. Let € Q,qq4. Since O () is not
divergent, it is finite and hence eventually periodic. Thus ®~! (z) € Q44 by the argument at the
beginning of Section 2. Hence ® ! (Quaq) € Qoda- So (c) implies (a).

¢

4.3. Proof of Theorem 2.2. ((a)=-(b)) Assume that the T-orbit of any positive integer contains
1. It suffices to show that

(4.4) Vn € Nt T* (n) = 1 = the &orbit of n contains 1
holds for all £ € N by induction on k.
Let n € NT. Assume 7° (n) = 1. Then £° (n) =n =T°(n) = 1. So (4.4) holds for k = 0.
Let k € N. Assume (4.4) holds for k. Let n € N*. Assume T%*! (n) = 1. Then T* (T (n)) = 1,

so by the inductive hypothesis £* (T'(n)) = 1 for some s € N. Since 2 is an autoconjugacy of T we

have Qo T =T o so that
TF (T?Q (n)) = TQT* (n) = T(R(1)) =T(2) = 1.

) =
So once again by the inductive hypothesis £" (TQQ (n)) =1 for some r € N.
By the definition of &, for any m € N, £ (m) =T (m) if m is even and & (m) = Q (m) if m is odd.
Case 1: If n is even then £5F1 (n) = &5 (& (n)) = €5 (T (n)) = 1.
Case 2a: If n is odd and T (€2 (n)) is even then Q (n) is even and

)
g3 n) =€ (Qn) =€ (TQn) =€ (T°Q(n)) =1
Case 2b: If n is odd and T (2 (n)) is odd then € (n) is even and
&3 (n) =2 (Q(n) = €M (TQ(n)) = € (ATQ (n)) = €° (T (n)) = &° (T (n)) = 1.
So in every case, the £-orbit of n contains 1. Thus (4.4) holds for all £ by induction.

((b)=(c)) Assume the &-orbit of any positive integer contains 1. Let n be a positive integer.
Then ¢* (n) = 1 for some k > 0. For 0 < i < k, if €% (n) is even then

[ ()] = [€(& )] = [T (&' ()] = ¥ ([¢" ()])
and if £ (n) is odd then

(€T ()] = [€(& ()] = [2( ()] = [€" (n)] = id ([¢" (n)])
where id is the identity map on Zs/ ~. Since & always maps odd numbers to even numbers, there
exists natural numbers ag, a1, ..., a, such that

[1) = [€" ()] = W 0ido B o+ 0 W1 0ido B ([n]) = Wt ([n]).

Thus the W-orbit of [n] for any positive integer n contains [1].

((c)=-(a)) Assume the U-orbit of the class of any positive integer n contains [1]. Let n be a positive
integer. Then U* ([n]) = [1] for some k > 0. But ¥* ([n]) = [Tk (n)} SO [Tk (n)} = [1] = {1,2}.
Thus 7% (n) € {1,2} so that either T (n) = 1 or T**! (n) = 1. Hence the T-orbit of every positive
integer contains 1.

O
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4.4. Proof of Theorem 2.3. Let C = O (x) be a self conjugate T-cycle so that Q (C') = C. Then

x € Cso(z) € C also. By the definition of orbit, Q (x) = T* () for some k € N. Let v = &~ (x)

be the parity vector of  and v = vovivs ... with v; = {0, 1} for all < € N its binary representation.
Then

Q) =0 VI (2)

=V (vovyv2...)

ok ok

= VyViv; ...
and also 0o @1 =®d7 10T s0
Q) =2 (TF (2)) =" (27 (z)) = 0" (vov1 -+ ) = VEVK41Vk42 - - .
so that
(4.5) VieN, v] = vk
However, for any i € N,

(4.6) Vigok = Ui p = U7 =5

so that combining (4.5) and (4.6) gives v = vovy - - - vk_105v] - - - v _; and so

= (vovr - Vk—1V50F -+ U _4)

as claimed.
To prove the reverse implication, let z = ® (v0v1 S UK URYT ’U;;il) for some vg, v1,...,Vk_1 €
{0,1}. Then

= ® (vov1 - Vk—1V5VT -+ V) _4)

=@ (0 (vovr - vk 10V} Vf_4))
=T" (@ (vovr -~ Vp—1050] -+ V;_4))

_ T2k (SC)

so x is cyclic and
Q(x) =dVo ! (2)
=oVo 1o (vovy - - - Vp—1VGVT - Vf_y)

— ¥k *
= OV (vou1 -+ - Vp—1UGV] - VE_q)

=& (US’UY .. "02_1’00’01 .. '”qu)

=d (ak (vovl S UR—1VHUT '92—1))

=Tkp (vovr -+~ vp—1UGVT - vE_q)
T (2)
so that Q(z) € O(z). But z € O(x) so Q(z) € Q(O(z)) and thus Q(z) € Q (O (z)) N O (z). As

conjugacies map cycles to cycles Q (O (z)) is a cycle. Since two cycles are either disjoint or equal,
50 Q (O (x)) = O (x). Hence O (x) is self conjugate.
¢
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4.5. Proof of Theorem 2.4. Let C be a self conjugate T-cycle. By Theorem 2.3, C' = O (x) where
= ® (vouy - - - vpGUT - - - vf) for some v, v, ..., vp—1 € {0,1}. Since O (0) is not self conjugate, it

. . . . . oL . kop(x) _ Kk 1
follows by Lemma 3.4 that C' is either strictly negative or strictly positive. Since ~25= = -

it follows that

2

Kn (2) 1

4.7 li =1
( ) = n nl_,IEo n 2

If  is negative then h_m”T(x) > E—g > 1/2 by Lemma 4.3. Hence x is positive and so C is strictly
positive.

¢
4.6. Proof of Theorem 2.5. Let C be a self conjugate T-cycle. By Theorem 2.3, C' = O (x) where
x = ® (vouy - - - gy - - - vp) for some vy, v1,...,vp—1 € {0,1}. Thus lim ””T(x) = % as shown in
n—oo

(4.7). Combining this with Theorem 2.7 (a) we have
In2 < 1 < In2
m(B+L1) 72 Im(3+4)
where m = min (C') and M = max (C) are positive by Theorem 2.4. Solving (4.8) for m and M
gives
(4.9) min (C) <1 < max (C)
as desired. Since the cycle containing 1 is {1,2} it follows that 1 < max (C).

To prove the theorem, notice that it is easy to verify by direct computation that {1,2} is self-
conjugate. Let C be any self conjugate T-cycle C of integers. By Theorem 2.4 the orbit C' is strictly
positive. But by (4.9) the minimum value of C' must be 1. Thus C = {1, 2}.

¢

(4.8)
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